Interpolation, Box Splines, and Lattice Points in Zonotopes

@ Main Result @ Zonotope and Box Spline An Example

» X = (xi,...,xy) C Z9 list of vectors Zonotope: 1

: : . N
equivalently, X is a (d x N)-matrix Z0) =S Ax:0< A <1% C Y o sl e S,
> N Z d =1 [ o
» X is totally unimodular and has full rank.

» Z_(X) := Z(X) NZ?, interior lattice points
of zonotope Z(X)
» By box spline defined by X

»p € Rlsy, ..., syq] ~ differential operator

P(D):P(%»---»a%) 101
X = (O . 1) P(X) = span{l, s, s}

There exists a unique polynomial ML () = {w e [0.1]" : Xw = u)
peP_(X)CR|s,...,sq]s.t |

P(D)BX\Z_(X) — f.

(4) Some Facts

Box spline: By : RY — R

By (u) 1 voly_y ML (1) » dim P(X) = vol(Z(X))

X — N—dllx : : : : : :

. . _(X)= # interior lattice points in Z(X).

| R | \/det(XXT) > dim P_(

> This was conjectured by Holtz and Ron {3] » The Hilbert series of P(X) and P_(X) are evaluations of

the Tutte polynomial Tx [5].
Proposition [1]: Let p € P_(X). Then \ > Bix = [i Bx(u— 7x) dT = Bx x B,
p(D)Bx is a continuous function. » By is piecewise polynomial; local pieces have degree N — d
k TN\ » For x € X, D,Bx = VXBX\X = BX\x — BX\x(' — X)

The Main Theorem in R!

Proof: Deletion-Contraction

Let Xyi1:=(1,...,1). Then o o o ... oo
N—+1 times 0 1 2 N N+1

» X \ x deletion.
> Z(Xn11) = [0, N + 1] and Z_(Xy.1) ={1,.... N} » 7, : R — R?/span(x) canonical projection
» P(Xyi1) = span{l,s, ... s"}

» P_(Xyi1) =span{l,s,... ,sN_l}

» X /x contraction: image of X \ x under 7,

N4l . -~ » X \ x and X /x represent deletion and
Bxy.,(U) = ) (=1) (N i 1> max(u — j, 0)" contraction of the matroid defined by X.
N+1 . Nl _] Y
Jj=0

i =(X) :={f:7Z% = R :supp(f) C Z_(X)}
@ P>-spaces vx @ P_(X) = =(X)

Let MV be the (N x N)-matrix given by

my = D, 'Bx,.,(j) fori,j€{1,2,...,N}. v =(v,...,vy) € R? p — p(D)Bx|za
» The Main Theorem in R! is equivalent to M" having fulling rank. ~ Pv .= V151. + ...+ vgsg € Rlsy, ..., 54]. ¢ o o ¢ o o e —9 o o ¢ o
> Y g X SUbl'St > pY e HyGY py ° ° e ¢ ° ° ° 02 22 ® ° ° O e
1 1 1 Veg Y — ((]_70)7 (1,2)) o 1 3e oV, o ol &2 33 e .o 0 e

0.4 0.4 0.4
» central P-space:

0.2 0.2 0.2

0.6 0.6 06/\ - pY — S].(S]. _|_ 252) — S]? —I_ 25152 ° ? 2° ° * * ? .2 o2 ¢ ¢ * 0 e

05T 15 Y05 T 15 7 7503 L S R R P(X) := span{py : rank(X \ Y) = rank(X)} Proposition [1]: » x € X neither a loop nor
= L4 1 » internal P-space [3, 5]: a coloop. Then
1 __ 2 _ (2 2 3 1 1 I
o) (3 2) w16 P = Neax P 0 PL(X\x)" P(X) =P_(X/x) 0
I’YX\X YX l%(/x

0— (X \ x) ¥ —Z(X)—=Z(X/x)——0
Is exact and the vertical maps are isomorph-

» For every z € Z (X)), there exists a unique ISmS.

f, € P_(X) s.t. f,(D)Bx|z¢ = 0, (Main Theorem). > V.(f)(z) :=f(z) — f(z — x)
> 2.(F)(2) = D yezrpe F(X)

» [ his proposition is the central part of the
inductive proof of the Main Theorem.
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xeX

> Mx(v) = {w € RY, : Xw = u} polytope
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